A mathematical model for hyphal growth and branching is described which relates cytological events within hyphae to mycelial growth kinetics. Essentially the model quantifies qualitative theories of hyphal growth in which it is proposed that vesicles containing wall precursors and/or enzymes required for wall synthesis are generated at a constant rate throughout a mycelium and travel to the tips of hyphae where they fuse with the plasma membrane, liberating their contents into the wall and increasing the surface area of the hypha to give elongation. The hypothesis that there% a duplication cycle in hyphae which is equivalent to the cell cycle observed in unicellular micro-organisms is also included in the model. Predictions from the model are compared with experimentally observed growth kinetics of mycelia of Geotrichum candidurn and Aspergillus nidulans.
A mathematical model for hyphal growth and branching is described which relates cytological events within hyphae to mycelial growth kinetics. Essentially the model quantifies qualitative theories of hyphal growth in which it is proposed that vesicles containing wall precursors and/or enzymes required for wall synthesis are generated at a constant rate throughout a mycelium and travel to the tips of hyphae where they fuse with the plasma membrane, liberating their contents into the wall and increasing the surface area of the hypha to give elongation. The hypothesis that there% a duplication cycle in hyphae which is equivalent to the cell cycle observed in unicellular micro-organisms is also included in the model. Predictions from the model are compared with experimentally observed growth kinetics of mycelia of Geotrichum candidurn and Aspergillus nidulans.
The finite difference model which was constructed is capable of predicting changes in hyphd length and in the number and positions of branches and septa on the basis of changes in vesicle and nuclear concentration. Predictions were obtained using the model which were in good agreement with experimentally observed data.
I N T R O D U C T I O N
A fungal spore germinates on a solid substrate to form a mycelium which increases in length exponentially. The duration of this exponential phase varies but in a sparsely branched species it may persist until the mycelium has a total length of at least 15 mm (Trinci, 1974) . As a mycelium increases in biomass its rate of growth decelerates from its original exponential rate and it slowly differentiates into a mature colony (Yanagita & Kogane, 1963) which then spreads across the surface of the substrate at a linear rate.
Several basic mechanisms contribute to the formation of a mycelium. Firstly, growth is highly polarized and hyphae only extend at their tips; this feature enables hyphae to attain very high extension rates, since a long length of hypha (the peripheral growth zone) contributes to the growth of a short region (the extension zone) at its tip (Trinci, 1971) . Secondly, the frequency of branch initiation is carefully regulated (Trinci, 1974) . Thirdly, mechanisms such as autotropism (Robinson, 1973) regulate the spatial distribution of hyphae within the mycelium.
In this communication we present a model which describes hyphal growth and branching during the exponential phase of mycelial growth. We decided to model this phase because exponential growth is much less complex than colony growth; one region of a colony grows at the organism's maximum specific growth rate (Trinci, 1971) whilst at the same time other regions increase in biomass very slowly or may even autolyse. In addition, we believe that 1 54 J. I. PROSSER AND A. P. J. TRINCI the formulation of a successful model for exponential growth is an essential prerequisite for modelling colony growth. Also, exponential growth proceeds indefinitely in chemostat cultures and for most of the duration of batch cultures in liquid medium (Trinci, 1971 ) and therefore the model could be applied to these situations.
There have been several approaches to the theoretical modelling of branching in biological systems. Leopold (1971) postulated that as a general rule a branching system adopts a form which tends to minimize the total length of the system. She showed that in certain systems branch length and number increase logarithmically with the order number of the branch. Gull (1975) has demonstrated this logarithmic relationship in mycelia of Thamnidium elegans and the branch and length ratios which he obtained are similar to those observed by Leopold for trees and a river tributary system, suggesting an efficiency of branching common to all.
A generalized model for generation of branching patterns with direct applicability to mycelial growth was described by Cohen (1967 However, none of the above models considers the fundamental cellular mechanisms involved in hyphal growth. We have constructed a model which considers such mechanisms as proposed by Bartnicki-Garcia (1973) and Collinge & Trinci (1974) . Thus, vesicles, which contain wall precursors and/or the enzymes required for the insertion of the precursors into the wall, are formed throughout the mycelium. They travel towards the tips of hyphae where they fuse giving elongation. In this hypothesis it is assumed that the protoplasmic membrane of a hypha only increases in surface area as a result of such fusions. The hypothesis that there is a duplication cycle in hyphae which is equivalent to the cell cycle observed in unicellular micro-organisms (Trinci, 1978a ) is also included in the model.
THE M O D E L
The complexity resulting from the above hypothesis and the desire to model discrete events such as branch initiation and septation required the construction of a finite difference model. This necessarily involves approximations not found in exact solutions of differential equations but the resultant errors can be minimal and do not constitute a serious problem.
The hypha and vesicle production. The model considers a hypha to consist of tip and hyphal segments and apical and intercalary compartments (Fig. 1) . Segments have no basis in reality and only serve to model the system. Intercalary compartments (regions bounded by septa) and apical compartments are actually observed in hyphae. Hyphal segments have a constant length, lh; the values chosen for Geotrichum candidum and Aspergillus nidulans were 40 and 10 pm, respectively. Membrane-bound vesicles are produced in hyphal segments at a constant rate (RJ and then travel towards the tip. Vesicles are only absorbed in hyphal segments when a lateral branch is initiated behind a septum.
Vesicle transport and absorption and hyphal extension. Tip segments are initially of Step 1 : production of vesicles oiily
Step 2: production and flow of vesicles 
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Rl is the increase in length due to the absorption of a single vesicle. The tip segment extends in this fashion until its length is Zh at which point a new hyphal segment is formed and the tip segment returns to having negligible length. The process is then repeated. Flow of vesicles along the hypha is achieved by transferring vesicles from one hyphal segment to the adjacent proximal segment (hyphal or tip). This is achieved in two steps (Fig. 2) . The first equation for each step illustrates the change in vesicle concentration in a hyphal segment (no. 2) and the second equation describes changes in the tip segment. El = (vocr-so-yo(t,) R, (2) Step 1:
In the first step there is no flow and accumulation and depletion of vesicles occur in the hyphal and tip segments, respectively. In the second step flow occurs from hyphal segments to adjacent proximal segments, the tip segment being supplied with vesicles from the first hyphal segment. The rate of flow of vesicles along a hypha can be increased or decreased by decreasing or increasing the ratio of steps 1 to steps 2.
J. I. PROSSER A N D A. P. J. T R I N C I
Septatiun. Intercalary compartments are delimited by septa. They vary in length and consist of several hyphal segments. During septation the proportion of vesicles flowing between hyphal segments separated by a developing septum decreases at a linear rate. 'Complete' septa (i.e. septa which lack pores) or 'plugged' septa (i.e. septa whose central pores have been plugged) do not allow the passage of vesicles to the next proximal intercalary compartment. However, septa with unplugged pores allow a certain proportion of the vesicles from one intercalary compartment to flow to the next proximal compartment.
Duplication cycle. A duplication cycle (Trinci, 1978 a) has also been incorporated into the model. Initially an apical compartment contains four nuclei. When the cytoplasmic volume : nuclear number ratio reaches a critical level these nuclei increase continuously and exponentially to eight. A septum is then formed midway in the apical compartment separating the nuclei equally. This duplication cycle thus regulates the frequency and site of septation.
Branching. Branch initiation occurs in the model when the flow of vesicles into a hyphal or tip segment results in attainment of a critical level of vesicles. For a tip segment this happens when the rate at which vesicle flow into the tip segment exceeds R,, the maximum rate at which they can be absorbed by the tip, and results in the formation of anapical branch. For a hyphal segment behind a septum the initiation of a lateral branch occurs because the septum prevents or reduces the flow of vesicles from the compartment.
Branch initiation in either case results in the formation of new tip and hyphal segments from the parent segment (segment of accumulation). Growth of the branch is as described above except that a proportion of vesicles flows from the parent compartment into the branch.
Spore germination. Spore germination is modelled as a means of initiating the whole process. A spore consists of a hyphal segment which produces vesicles. Germination consists in the formation of a tip segment and occurs when the number of vesicles in the spore reaches a certain level. The germ tube thus formed may be considered to be a branch from the spore.
SIMULATION
The model was simulated on a 1906s ICL digital computer with results displayed graphically on a Calcomp Graph Plotter. This involved calculations of vesicle and nuclei numbers in all segments over a series of time intervals. The various parameters required for the simulation were calculated as described below.
The maximum rate of absorption of vesicles (Ra) by tip segments was calculated from experimental data by dividing the rate of increase in protoplasmic surface area during linear growth by vesicle surface area; vesicle diameters (116 and 120nm for Geotrichum candidum and Aspergillus nidulans, respectively) were estimated from experimentally observed values (Trinci & Collinge, 1975, for G. candidum; McClure et al., 1968, for A. nidulans) .
The increase in hyphal length (R,) resulting from the absorption of a single vesicle was calculated by assuming the hypha to be cylindrical; a hyphal diameter of 3 prn was assumed for each species. Thus the increase in surface area (Ah) of the-hypha is given by
where rh is the hyphal radius and 61 is the increase area (A,) is given by where r, is the vesicle radius. Therefore A, = hr," A model for mycelial growth 157 The rate of vesicle production per unit length of hypha (R,) was calculated using R, and the experimentally determined peripheral growth zone length (w) of the fungus. Thus
R, = R,/w
Peripheral growth zone lengths (300 and 400,um for G. candidurn and A . nidulans, respectively) were estimated from experimentally determined values (Fiddy & Trinci, 1976a , b).
The specific rate of nuclear increase (R,) was obtained directly from experimental data (Fiddy & Trinci, 1976a, b) . Flow rate values for vesicles have not been determined experimentally. However, Jennings et al. (1974) quote figures for movement of nuclei and for cytoplasmic streaming in the range 0.5 to 1.0 mm h-l and values of this order have been used for vesicle flow rate. K, and V,,, the vesicle concentration at which a branch is initiated, were estimated as no experimental data are available. The proportion of vesicles allowed to flow (through septa1 pores) between two adjacent hyphal segments separated by an unplugged septum was 0.004 for G. candidurn and 0.1 for A . nidulans. The same values were used to represent the proportion of vesicles flowing into a branch from its parent Compartment.
Values for the above parameters calculated for G. candidum and A. nidulans are given in Table 1 . Simulation of the growth of a mycelium of G. candidurn required modification of the model as septa are formed approximately two-thirds of the distance from the tip rather than midway in the apical compartment (Fiddy & Trinci, 19763) . Similarly A . nidulans forms three septa per cycle in the rear half of the apical compartment (Fiddy & Trinci, 1976a) . Also sub-apical branching only was modelled as apical branches are rarely observed during early exponential growth of these species.
R E S U L T S

Geotrichum candidum
The increase in the length of a mycelium of G. candidum and its branches, as predicted by the model, is shown in Fig. 3 . The mycelium grows exponentially (Figs 3, 4) . The germ tube hypha and branches initially grow exponentially but eventually they all attain a common linear growth rate (Fig. 3) . All these features are observed experimentally and the predicted linear growth rate approximately equals that from experimental data ( Table 2 ). The simulation shows that a branch is initiated before the germ tube hypha attains its linear growth rate and that branches attain their linear growth rates more rapidly than the germ tube hypha (Fig. 3) . Both these features are observed experimentally (Plomley, 1959; Fiddy & Trinci, 1976b) in germ tube and branch hypha. There is a slight reduction in the rate of increase of mycelial length prior to formation of the first branch which is followed by an acceleration and a return to a constant specific rate of increase. This corresponds to the transition, in the germ tube hypha, from exponential to linear growth which is compensated for, in terms of total mycelial length, by branch formation. Determined from E = 2(H,-H0)/(B0+B,), where H,, is the mycelial length in ,urn at zero time, HI is the mycelial length 1 h later, Bo is the number of tips at zero time and Bt is the number of tips 1 h later. The predicted values are the mean cf six determinations made successively at 1 h intervals. Trinci (1974) . In every case a branch was formed in the hyphal segment behind a septum and therefore the location of branches gives the approximate position of septa. Branches are numbered in the order in which they were produced.
The number of branches in the mycelium increases exponentially at approximately the same rate as the increase in mycelial length (Fig. 4) . Thus, as with experimental data (Trinci, 1974) , the ratio of the mycelial length to the number of branches (i.e. G, the hyphal growth unit length of the mycelium) eventually tends towards a steady state value (Fig. 4) . The simulation and experimental data show similar patterns for the oscillations which precede the attainment of the steady state value for G and predicted and experimental values show good agreement (Table 2 ). In the model, as observed experimentally, mycelial length, number of branches (Table 2) , number of septa and number of nuclei (not in Table) all increase exponentially at similar rates. The length of successive apical compartments formed by a germ tube of G. candidurn is shown in Fig. 5 . The apical compartment gradually increases in length after successive periods of septation but eventually exhibits steady oscillations. Similar oscillations were observed experimentally (Fiddy & Trinci, 1976 b) . The branching pattern predicted by the model is shown in Fig. 6 , assuming a branch angle of 90" and branching occurring on alternate sides of the parent hypha. As observed experimentally, the branches are formed behind septa and each intercalary compartment produced one branch.
Aspergillus nidulans Model predictions for mycelial growth of A . nidulans, using the parameter values in Table 1 , are shown in Figs 7 and 8 and the predicted morphology of the mycelium is shown in Fig. 9 . Experimental and predicted growth parameters for A . nidulans are compared in Table 2 . growth followed by linear growth (Figs 7 and 8) . Aspergillus nidulans can be seen to have fewer secondary branches than G. candidum (Figs 6 and 9 ). Figure 10 shows the growth of successive apical compartments formed by a germ tube hypha of A . nidulans. As observed experimentally (Fiddy & Trinci, 1976a) there is a gradual increase in apical compartment length during successive septation (duplication) cycles until eventually a ' steady state ' oscillation in apical compartment length is attained. Figure 11 shows the distribution of vesicles in a germ tube hypha of A. nidulans which is composed of an apical compartment and several intercalary compartments. There is a decrease in vesicle number in successive intercalary compartments with distance from the hyphal tip and a decrease in each compartment with distance from the tip. However, vesicles accumulate (the peaks) in hyphal segments behind septa where lateral branches may be initiated. The percentage of hyphal volume occupied by vesicles decreased in the apical compartment shown in Fig. 11 1978b), vesicles occupy only a relatively small percentage of the volume of the peripheral growth zone of a hypha. In Neurospora crassa (Collinge & Trinci, 1974) and Penicillizlm chrysogenum (Collinge et al., 1978) vesicles make up about 5 yo of the volume of protoplasm entering the extension zone at the tips of hyphae, i.e. about 10 times more than the value obtained in the simulation. Although Fig. 11 shows that vesicles accumulate in hyphal segments distal to septa, nevertheless, even here their concentration never exceeds 0.5% of the volume of the segment. The value of 400 vesicles chosen as the level at which branch initiation occurs corresponds to approximately 0.5% of the hyphal volume. Such an accumulation would not necessarily be obvious in electron micrographs of sections of hyphae. Table 3 shows the effects on hyphal growth unit length of varying some of the parameters shown in Table 1 . DISCUSSION & Trinci (1977) suggest that the formulation of a mathematical model for a biological system ensures that descriptions and definitions of the system are rigorous and free of ambiguities. Modelling has the added advantages that it helps to focus attention on the fundamental properties of the system and enables predictions to be made under a limitless range of conditions. However, as observed by Topiwala (1973) , a successful model does not necessarily validate basic assumptions made in a hypothesis since models based on alternative hypotheses may also produce realistic simulations. Nevertheless, if a given hypothesis cannot be modelled satisfactorily it is unlikely to be a valid one.
Bull
Collinge & Trinci (1974) suggested that vesicles are synthesized throughout the peri-
